Abstract. We use recently introduced Rasmussen invariant to find knots that are topologically locally-flatly slice but not smoothly slice. We note that this invariant can be used to give a combinatorial proof of the Slice-Bennequin inequality. Finally, we compute the Rasmussen invariant for quasipositive knots and show that most of our examples of non-slice knots are not quasipositive and were to the best of our knowledge unknown before.
Rasmussen invariant and the Slice-Bennequin inequality
In [10] Jacob Rasmussen used the theory of knot (co)homology developed by Mikhail Khovanov [4] and results of Eun Soo Lee [5] to introduce a new invariant s of knots in S 3 . This invariant takes values in even integers. Its main properties are summarized as follows. 
Equality (1.2) can easily be generalized to the case of arbitrary knots. It becomes an inequality then. a.
b. c. 
Proof. If all crossings of D are positive, the Lemma follows from (1.2). The inequality (1.4) is an equality then. When a positive crossing of D is changed into a negative one, the right hand side of (1.4) decreases by 2, while the left hand side decreases by at most 2, because of (1.3). Hence, the inequality is preserved. Lemma 1.C implies the Slice-Bennequin inequality that was originally proved by Rudolph [12] using the gauge theory. The theory developed by Khovanov, Lee, and Rasmussen provides the first purely combinatorial proof of this inequality.
1.D.
Corollary (Slice-Bennequin Inequality, cf. [12] ). Let β be a braid with k strands and let β be its closure that is a knot. Then
Proof. Follows from (1.4) and (1.1).
The Slice-Bennequin inequality leads to a formula for the Rasmussen invariant of (strongly) quasipositive knots. We use this formula in section 2.
1.E. Definitions. 1. A knot K is said to be quasipositive if it is the closure of a braid that has the form (w 1 σ j1 w
, where σ i are the standard generators of the corresponding braid group, and w i are braid words. 2. A knot K is said to be strongly quasipositive if it is the closure of a braid that has the form σ i1,j1 σ i2,j2 · · · σ ip,jp , where
The (−3, 5, 7)-pretzel knot depicted in Figure 1 .a is a strongly quasipositive knot. It is the closure of the braid σ 1 σ 2 σ 2,4 σ 3,6 σ 1,4 σ 5 σ 2,5 (see Figure 1 .b).
1.F. Proposition. Let K be a knot that can be represented as the closure of a quasipositive braid β with k strands, such that β is a product of b factors of the form
If, moreover, β is strongly quasipositive, then
Proof. It is clear that w(K) = b and O(K) = k. Hence,
by (1.4) and (1.1). On the other hand, for a (strongly) quasipositive knot one can explicitly construct an embedded surface S in D 4 (respectively, S 3 ), such that ∂S = K and the Euler characteristic χ(S) of S is k − b (see Figure 1 .c that illustrates this construction in the strongly quasipositive case). If follows that g 4 (K) (respectively, g(K)) does not exceed
. This finishes the proof.
Remark. Charles Livingston [6] used the Ozsváth-Szabó knot invariant τ [8] to give new proofs to several results of Lee Rudolph [12, 13] on the slice genus, including the Slice-Bennequin Inequality. s and τ share many of their main properties and our approach is similar to the Livingston's one. The key difference is that the Rasmussen invariant is defined combinatorially, while the Ozsváth-Szabó invariant is based on the theory of knot Floer homology. Rasmussen conjectured that s(K) = 2τ (K) for every knot K.
Remark. Relation between the Rasmussen invariant and the Slice-Bennequin inequality was independently observed by several other authors, including Olga Plamenevskaya [9] and Alexander Stoimenow [16] .
Sliceness of knots
In many cases one can easily compute s(K) if one knows the Khovanov homology of K. For a given knot K, let h i,j (K) = dim Q (H i,j (K) ⊗ Q) be the ranks of its homology and Kh(K)(t, q) = i,j t i q j h i,j (K) be the corresponding Poincaré polynomial in variables t and q. Denote by hw(K) the homological width of K, that is, the minimal number of diagonals 2i − j = const that support the homology of K.
In was shown by Rasmussen [10, Proposition 5.2] that for all knots K with hw(K) ≤ 3, one has
where Kh ′ (K) is some (Laurent) polynomial in t and q with non-negative coefficients. In fact, Rasmussen's arguments can be applied to a more general case.
2.G. Assume that
for all i and j (this is automatically the case for all K with hw(K) ≤ 3). Then (2.1) holds true.
Proof. Construction of the Rasmussen invariant is based on a spectral sequence structure on the Khovanov chain complex that is due to Lee [5] . The differential d n in this spectral sequence has bidegree (1, 4(n − 1)). The condition on h i,j implies that d n is trivial for all n ≥ 3. The rest of the arguments is the same as in [10,
It is possible for a knot to have homological width 4, but still satisfy the condition of 2.G (see Table 1 ). On the other hand, the knot 16n 864894 1 may theoretically have 1 The enumeration for knots that we use is the one from Knotscape [3] . For example, the knot 13n 1496 is a non-alternating knot number 1496 with 13 crossings.
-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 (1, 8) is trivial. can possibly be non-trivial. Table 2 ). We can not conclude whether the Rasmussen invariant is 0 or −2 in this case. In order to satisfy (2.1), it should be 0.
Remark. It was conjectured [1] that (2.1) holds true for all knots for some integer s(K). It is not currently known whether this integer always equals the Rasmussen invariant or not. The knot 16n 864894 might be a counter-example.
Given a knot K, denote by ∆ K (t) its Alexander polynomial. M. Freedman proved [2] that if ∆ K (t) = 1, then K is topologically locally-flatly slice. We used Knotscape [3] to list all knots with up to 16 crossings that have ∆ = 1. In total, there are 699 such knots. The first one of them has 11 crossings (see Table 3 ). Next, we used KhoHo, a program for computing and studying Khovanov homology [14] , to find the homology of all the knots with ∆ = 1. Fortunately for us, most of the knots considered (in particular, all knots with at most 15 crossings) have homological width 3. 42 knots with 16 crossings have homological width 4, but satisfy the condition of 2.G. Hence, we can deduce the Rasmussen invariant of these knots from their homology using (2.1).
There are only two knots with 16 crossings and ∆ = 1, for which 2.G can not be applied. They are 16n 864894 and 16n 925408 (see Table 2 ). Their Rasmussen invariant can either be 0 or 2. Hence, the last entry in Table 3 can range from 65 to 67. [12] . Another his example, the untwisted positive double of the trefoil, has 19 crossings. Hence, it is not in the table.
In general, all knots that are either strongly quasipositive or the mirror image of a strongly quasipositive knot are not slice [13] . Let us show that only two more knots with up to 16 crossings can (potentially) fall into this category.
Let P K (v, z) be a HOMFLY polynomial of K, that is, the polynomial in variables v and z determined by the skein relations Let e(K) and E(K) be the lowest and highest exponents of v in P K , respectively. Table 4 ). 15n 113775 is the (−3, 5, 7)-pretzel knot and is indeed strongly quasipositive (see Figure 1) .
